Abstract. Let A > 0 and B = 0 be integers with A 2 > 4B. We show that ( n+1 √ u n+1 / n √ u n ) n N is strictly decreasing with limit 1 for sufficiently large N , where u 0 = 0, u 1 = 1, and u n+1 = Au n − Bu n−1 for n = 1, 2, 3, . . .. We also prove that the sequence ( n+1 D n+1 / n √ D n ) n 3 is strictly decreasing with limit 1, where D n is the nth derangement number. For harmonic numbers H n = n k=1 1/k (n = 1, 2, 3, . . .), we show that ( n+1 H n+1 / n √ H n ) n 3 is strictly increasing.
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Introduction
Recently the second author [3] posed many conjectures on monotonicity of sequences of the type ( n+1 √ a n+1 / n √ a n ) n N with (a n ) n 1 a familiar combinatorial sequence of positive integers.
Throughout this paper, we set N = {0, 1, 2, . . .} and Z + = {1, 2, 3, . . .}.
Let A and B be integers with ∆ = A 2 − 4B = 0. The Lucas sequence u n = u n (A, B) (n ∈ N) is defined as follows:
u 0 = 0, u 1 = 1, and u n+1 = Au n − Bu n−1 for n = 1, 2, 3, . . . .
It is well known that
are the two roots of the characteristic equation and set u n = u n (A, B) for n ∈ N. Then there exists an integer N > 0 such that the sequence ( n+1 √ u n+1 / n √ u n ) n N is strictly decreasing with limit 1.
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Our second theorem is the following result conjectured by the second author [3, Conj. 3.3] .
D n n 3 is strictly decreasing with limit 1. 
is strictly increasing.
We will prove Theorems 1.1-1.3 in Sections 2-4 respectively.
Proof of Theorem 1.1
Proof of Theorem 1.1. Set
.
we deduce that
Observe that
The function f (x) = log(1 + x) on the interval (−1, +∞) is concave since f ′′ (x) = −1/(x + 1) 2 < 0. Note that |γ| < 1. If −|γ| x 0, then t = −x/|γ| ∈ [0, 1] and hence
where q = − log(1 − |γ|)/|γ| > 0. Note also that log(1 + x) < x for x > 0. So we have
and hence n(n+1)(n+2)∆ n > log ∆−|γ| n 2q|γ|n(n + 2) + (n + 1)(n + 2) + |γ| 2 n(n + 1) .
Since lim n→∞ n 2 |γ| n = 0, when ∆ > 1 we have ∆ n > 0 for large n.
Now it remains to consider the case ∆ = 1. Clearly γ = (A−1)/(A+1) > 0. Recall that log(1 − x) < −x for x ∈ (0, 1). As
we have log(1 − x) + x + x 2 > log 1 + 0 + 0 2 = 0 for x ∈ (0, 0.5). If n is large enough, then γ n < 0.5 and hence
where
Note that
So, for sufficiently large n we have ∆ n > w n > 0. In view of the above, we have completed the proof of Theorem 1.1.
Proof of Theorem 1.2
Proof of Theorem 1.2. Let n 3. It is well known that |D n − n!/e| 1/2 (cf. [1, p. 67] ). Applying the Intermediate Value Theorem in calculus, we obtain log D n − log n! e D n − n! e 0.5.
n→∞ n log(n + 1) + n log n! − (n + 1) log n! n(n + 1) = lim n→∞ n log n + n log(1 + 1/n) − log n! n(n + 1) = lim n→∞ log(n n /n!) n(n + 1) .
As n! ∼ √ 2πn(n/e) n by Stirling's formula, we have log(n n /n!) ∼ n and hence
From the known identity D n /n! = n k=0 (−1) k /k!, we have the recurrence D n = nD n−1 + (−1) n for n 2. Thus, if n 3 then
Fix n 4. If n is even, then
Similarly, we also have
Therefore,
and hence
6e + 3 n(n − 1)(n + 1)
Thus |R 1 (n)| 6e + 3, where
log xdx = n log n − n + 1
we have n log n − n < log(n!) = log((n − 1)!) + log n < n log n − n + log n + 1 and so log(n!) = n log n − n + R 2 (n) with |R 2 (n)| < log n + 1.
Observe that log
If n 27, then n + 1 − 2R 2 (n) − R 1 (n) > n − 2 log n − 1 − 6e − 3 > 0, and hence we get
By a direct check via computer, the last inequality also holds for n = 4, . . . , 26. Therefore, the sequence ( Proof. If n 30, then H n log H n H 30 log H 30 > 4 and hence (4.2) holds for m = 1. Below we assume that m 2. As n 3, we have H Below we assume that m
